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1. INTRODUCTION
Recently, the existence of extremal solutions of the third order initial-
Ž .boundary value problem IBVP
   u t  q u t f t , u t for a.e. t I a, b ,Ž . Ž . Ž .Ž . Ž .
1.1Ž .u a  A , u b  B , u a  C ,Ž . Ž . Ž .
 between the assumed lower and upper solutions  and  is studied in 2 .
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In Section 2 of this paper we shall introduce conditions which ensure
that the functional initial-boundary value problem
d      u t  g t , u ,   u tŽ . Ž . Ž . Ž .Ž . Ž .
dt
 for a.e. t J t , t ,0 1 1.2Ž .
 a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
  u t  cŽ . Ž .0 2
has extremal solutions which are increasing with respect to c and c and0 1
decreasing with respect to g and c . The proofs are based on the use of2
 existence, uniqueness, and comparison results derived in 1, 3 for differen-
 tial equations and fixed point results derived in 3, 5 for mappings in
ordered spaces.
The function g is allowed to be discontinuous in all of its variables.
Special cases, including those where extremal solutions are obtained by a
method of successive approximations, are presented in Sections 3 and 4.
The case when  depends functionally, and even discontinuously, on u is
considered in Section 5. Theoretical and worked examples are given to
illustrate the obtained results.
2. EXISTENCE AND COMPARISON RESULTS
In this section we derive existence and comparison results for the IBVP
Ž .1.2 .
2.1. Hypotheses and Preliminaries
The functions  and  and the constants a , b are assumed to have thej j
following properties.
Ž . Ž .  :  is an increasing homeomorphism, and : J 0,
is continuous.
Ž .A a , b 	 0, j 0, 1, and a a  a b  a b  0.j j 0 1 0 1 1 0
Denote
1Y u C J     u  AC J , 4Ž . Ž . Ž .
Z u C J  u AC J 4Ž . Ž .
Ž .and equip Y and Z with pointwise ordering. Assume also that C J is
equipped with pointwise ordering and maximum norm. The following
Ž .hypotheses are imposed on the function g : J C J .
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Ž . Ž . Ž .g0 For all   C J and x the function g ,  , x is measur-
Ž . Ž . Ž .able, and lim sup g t,  , y 
 g t,  , x 
 lim inf g t,  , y fory x y x
a.e. t J.
Ž . Ž .g1 g t,  , x is decreasing in  for a.e. t J and all x.
Ž .  Ž .  Ž . Ž  Ž . . Ž .g2 g t,  , x 
 p t   x for all   C J and x and for
dx1 Ž . Ž .a.e. t J, where p L J ,  :   0, is increasing, and H  .Ž .  0  x
Ž .  Condition g0 is used in 3, 4, 6 . There, existence of solutions for different
types of first and second order problems has been obtained. As far as we
know, this is the first time that existence of solutions is derived for third
order problems under such a weak assumption which, e.g., allows us to
Ž .avoid a quite abstract assumption on sup-measurability of g ,  ,  .
Ž .We are going to show that under the above hypotheses the IBVP 1.2
has extremal solutions u and u	 in Y in the sense that if u is any
Ž . 	solution of 1.2 in Y, then u
 u
 u . Before the proof we introduce
some auxiliary results.
Denote
a bt 0 0
y t  ds ,Ž . H0  s  tŽ . Ž .t 00
a bt 1 11y t  ds , t J ,Ž . H1  s  tŽ . Ž .t 1
a a a b a bt 0 1 0 1 1 01D ds  , 2.1Ž .H
 s  t  tŽ . Ž . Ž .t 1 00
y t y sŽ . Ž .1 0
, t 
 s
 t ,0Dk t , s Ž .
y t y sŽ . Ž .0 1
, t
 s
 t . 1D
Ž .First we convert the IBVP 1.2 to a pair of an integral equation and IVP.
Ž .LEMMA 2.1. A function u Y is a solution of the IBVP 1.2 if and only
if
c y t  c y tŽ . Ž . t0 1 1 0 1u t   k t , s  s ds, t J , 2.2Ž . Ž . Ž . Ž .HD t0
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where   Z is a solution of the IVP
d
  t  g t , u ,  t for a.e. t J ,  t  c . 2.3Ž . Ž . Ž . Ž .Ž . Ž . 0 2dt
Ž .Proof. It is easy to see that u Y is a solution of 1.2 if and only if
Ž . Ž .    u  Z, and u,  are solutions of problems 2.3 and
    u  , a u t  b u t  c , a u t  b u t  c .Ž . Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
2.4Ž .
  Ž .It follows from 3, Lemma 4.1.1 that for each   Z the BVP 2.4 has a
Ž .unique solution u Y, given by 2.2 . This proves the assertion.
Ž . Ž .Consider next the IVP 2.3 when u C J is given.
Ž . Ž . Ž . Ž .LEMMA 2.2. If the hypotheses  , g0 , g1 , and g2 hold, then the
Ž . Ž .IVP 2.3 has for each u C J least and greatest solutions in Z, and they
are increasing with respect to g and c , and decreasing with respect to u.2
Ž .Moreoer, if   Z is any solution of 2.3 , then
1 w t 
 t 
 1 w t , t J , 2.5Ž . Ž . Ž . Ž .Ž . Ž .
where w is the unique solution of the IVP
w t  p t  w t a.e. in J , w t   c . 2.6Ž . Ž . Ž . Ž . Ž . Ž .Ž . 0 2
Ž . Ž . Ž . Ž .Proof. Let u C J be given. The hypotheses  , g0 , and g2
  Ž . Ž .imply that the hypotheses of 3, Theorem 2.1.3 hold when t, x  g t, u, x
Ž .stands for g. This ensures that the IVP 2.3 has least and greatest
Ž . solutions in Z. Because of the hypothesis g1 it follows from 3, Proposi-
tion 2.1.1 that these solutions are decreasing with respect to u, and
increasing with respect to g and c .2
To prove the last assertion, assume that   Z is a solution of the IVP
Ž . Ž .2.3 . It follows from g2 that
d
  t  g t , u ,  t 
 p t    t a.e. in J .Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
dt
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Thus
dt
  t 
   t    s dsŽ . Ž . Ž .Ž . Ž .Ž . H0 dst0
t

  c  p s    s dsŽ . Ž . Ž .Ž .Ž .H2
t0
   Ž Ž ..  Ž .for all t J. This implies by 3, Lemma B.7.1 that   t 
 w t on J,
Ž .where w is the solution of the IVP 2.6 . In view of this result and the
1 Ž .monotonicity of  we see that 2.5 holds.
Applying the results of Lemmas 2.1 and 2.2 we construct in the following
Ž .lemma an order interval of C J which contains all the possible solutions
Ž .of 1.2 .
Ž . Ž . Ž . Ž .LEMMA 2.3. Assume that the hypotheses  , A , g0 , and g2 hold,
and denote
c y t  c y tŽ . Ž . t0 1 1 0 1 1a t   k t , s  w s ds, t J ,Ž . Ž . Ž .Ž .HD t0
2.7Ž .
c y t  c y tŽ . Ž . t0 1 1 0 1 1b t   k t , s  w s ds, t J ,Ž . Ž . Ž .Ž .HD t0
Ž . Ž .where w is the solution of the IVP 2.6 . If u is a solution of the IBVP 1.2 in
   Ž . 4Y, then u belongs to the order interal a, b  u C J  a
 u
 b .
Ž . Ž .Proof. Let u be a solution of 1.2 in Y. Then u satisfies 2.2 , where 
Ž . Ž .is a solution of 2.3 in Z. Because u C J , it follows from Lemma 2.2
Ž . Ž .that 2.5 holds. Noticing that the right-hand side of 2.2 is decreasing in
  , we see that u a, b .
The following result is also needed in the proof of our main theorem.
  Ž .LEMMA 2.4. Gien an order interal a, b of C J and a mapping G:
    Ž .a, b  a, b , assume that G is increasing, and that the sequence G hasn
Ž . Ž .  a pointwise limit in C J wheneer  is a monotone sequence in a, b .n
Then G has the least fixed point u and the greatest fixed point u	. Moreoer,
 4 	  4umin u Gu
 u and u max u  u
Gu . 2.8Ž .
Ž .Proof. The given hypotheses and Dini’s theorem ensure that if  is an
  Ž .monotone sequence in a, b , then the sequence G converges uniformlyn
Ž .on J, or equivalently, in the sup-metric of C J . Thus the conclusions
  Ž .follow from 5, Theorem 1.2.2 when X Y C J .
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Ž .2.2. Extremality and Comparison Results for the IBVP 1.2
Now we are ready to prove our main existence theorem for the IBVP
Ž .1.2 .
Ž . Ž . Ž . Ž . Ž .THEOREM 2.1. Assume that the hypotheses  , A , g0 , g1 , and g2
Ž . 	hold. Then the IBVP 1.2 has extremal solutions u and u in Y; i.e., if
Ž . Ž . Ž . 	 Ž .u Y is a solution of 1.2 , then u t 
 u t 
 u t on J.
Ž .  Proof. Let a, b given by 2.7 . Denote for each u a, b ,
c y t  c y tŽ . Ž . t0 1 1 0 1Gu t   k t , s  s ds, t J , 2.9Ž . Ž . Ž . Ž .H uD t0
Ž .where  is the greatest solution of the IVP 2.3 in Z. Since inequalityu
Ž .  2.5 holds for   , u a, b , and since  is decreasing in u byu u
Ž .    Lemma 2.2, it follows from 2.9 that G a, b  a, b , and that G is
increasing.
Ž .  Let u be a monotone sequence in a, b , and let  be the greatestn un
Ž .solution of the IVP 2.3 with u u . In view of Lemma 2.2 and then
Ž . Ž . Ž .sequence  is monotone and 2.5 holds when   . Since Gu is au u nn n monotone sequence in a, b , then the limits
 t  lim  t , h t  lim Gu t , t J ,Ž . Ž . Ž . Ž .u nnn n
exist. Applying the monotone convergence theorem it then follows from
c y t  c y tŽ . Ž . t0 1 1 0 1Gu t   k t , s  s ds, t J ,Ž . Ž . Ž .Hn unD t0
as n  that
c y t  c y tŽ . Ž . t0 1 1 0 1h t  lim Gu t   k t , s  s ds,Ž . Ž . Ž . Ž .Hn Dn t0
t J .
Ž .In particular, h C J .
The above proof implies that the hypotheses of Lemma 2.4 hold. Thus
Ž .the operator G has the least fixed point u. The definition 2.9 of G and
Ž .  Lemma 2.1 imply that u is a solution of the IBVP 1.2 in a, b .
Ž .Assume now that u Y is a solution of the IBVP 1.2 . By Lemma 2.1,
Ž . Ž .u is of the form 2.2 , where  is a solution of the IVP 2.3 . Moreover,
  Ž .u a, b by Lemma 2.3. Denoting by  the greatest solution of 2.3 ,u
Ž . Ž .then  
 . It then follows from 2.2 and 2.9 that Gu
 u. Thus theu
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Ž .first relation of 2.8 implies that u
 u. This shows that u is the least
Ž .solution of the IBVP 1.2 .
Ž .The existence of the greatest solution of 1.2 can be proved similarly.
Next we shall derive results for the dependence of extremal solutions of
Ž .1.2 on g, c , c , and c .0 1 2
PROPOSITION 2.1. If the hypotheses of Theorem 2.1 are satisfied, then the
Ž .extremal solutions of the IBVP 1.2 are increasing with respect to c and c ,0 1
and decreasing with respect to g and c .2
Ž .Proof. Assume that functions g, g : J C J  have propertiesˆ
Ž . Ž .g0 and g1 , that
g t ,  , x 	 g t ,  , x 2.10Ž . Ž . Ž .ˆ
Ž .for a.e. t J and for all   C J and x, and that
c 
 c , c 
 c , c 	 c . 2.11Ž .ˆ ˆ ˆ0 0 1 1 2 2
Ž .  4  4  4Replacing c , c , and c in 2.7 by min c , c , min c , c , and max c , cˆ ˆ ˆ0 1 2 0 0 1 1 2 2
 4  4  4in the definition of a, and by max c , c , max c , c , and min c , c in theˆ ˆ ˆ0 0 1 1 2 2
Ž .definition of b, then the relations 2.9 , where  is the greatest solution ofu
Ž .2.3 , and
c y t  c y tŽ . Ž .ˆ ˆ t0 1 1 0 1Gˆu t   k t , s  s ds, t J , 2.12Ž . Ž . Ž . Ž .ˆH uD t0
where  is the greatest solution of the IVPuˆ
d
  t  g t , u ,  t for a.e. t J ,  t  c , 2.13Ž . Ž . Ž . Ž .Ž . Ž .ˆ ˆ0 2dt
ˆ    define increasing operators G, G: a, b  a, b which satisfy the hy-
Ž . Ž .potheses of Lemma 2.4. Moreover, it follows from 2.10  2.12 by Lemma
ˆ   Ž .2.2 that G 
G for each   a, b . Let u be the least solution of 1.2 ,
and let u be the least solution of the IBVPˆ
d      u t  g t , u ,   u t a.e. in J ,Ž . Ž . Ž . Ž .Ž . Ž .ˆ ˆ ˆ ˆ
dt
a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆ ˆ ˆ0 0 0 0 0 1 1 1 1 1
  u t  c .Ž . Ž .ˆ ˆ0 2
ˆThe proof of Theorem 2.1 implies that uGu and uGu. Sinceˆ ˆ
ˆ  4Gu
Gu, then Gu
 u. Because umin u Gu
 u by Lemma 2.4, itˆ ˆ ˆ ˆ
follows that u
 u. This proves the assertion for least solutions. Theˆ
proof for greatest solutions is similar.
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To obtain an existence, uniqueness, and comparison result for the IBVP
d      u t  g t ,  ,   u tŽ . Ž . Ž . Ž .Ž . Ž .
dt
 for a.e. t J t , t ,0 1 2.14Ž .
 a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
  u t  c ,Ž . Ž .0 2
we add the following hypothesis to those of Theorem 2.1.
Ž . Ž . Ž . Ž . Ž Ž .gv For each fixed   C J , g t,  , y  g t,  , x 
 l t,  y 
Ž .. x for a.e. t J and for all x, y, x
 y, where l : J  ,  
Ž .and z t  0 is the only absolutely continuous and nonnegative-valued
function for which
z t 
 l t , z t a.e. in J , z t  0. 2.15Ž . Ž . Ž . Ž .Ž . 0
Ž .and define a lower solution of problem 2.3 as a function u Y such that
d        u t 	 g t ,  ,   u t for a.e. t J t , t ,Ž . Ž . Ž . Ž .Ž . Ž . 0 1dt
a u t  b u t 
 c , a u t  b u t 
 c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
  u t 	 c ,Ž . Ž .0 2
and an upper solution if the reversed inequalities hold.
The next result is a consequence of Theorem 2.1, Proposition 2.1, and 1,
Theorem 3.1 .
Ž . Ž . Ž . Ž . Ž .PROPOSITION 2.2. Assume that the hypotheses  , A , g0 , g1 , g2 ,
Ž .and gv hold. If u Y is a lower solution and w Y is an upper solution of
Ž . Ž . Ž .2.3 for a fixed   C J , then u
 w. In particular, problem 2.3 has a
unique solution which is increasing with respect to  , c , and c , and0 1
decreasing with respect to g and c .2
3. CONVERGENCE OF SUCCESSIVE APPROXIMATIONS
In this section we shall prove that by adding one-sided continuity
conditions for the dependence of the function g on its last two arguments
to the hypotheses of Theorem 2.1 we get extremal solutions of the IBVP
Ž .1.2 by the method of successive approximations.
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Ž . Ž .If a sequence  of C J converges uniformly to u, denote   n n1 n
Ž . Ž .if  is increasing and    if  is decreasing. The similarn n1 n n n1
notations are used also for convergent sequences of .
Ž . Ž . Ž . Ž .PROPOSITION 3.1. Assume that the hypotheses  , A , g0 , g1 , and
Ž . Ž . Ž .g2 hold, and let a, b C J be defined by 2.7 . Then the relations u  a,0
c y t  c y tŽ . Ž . t0 1 1 0 1u t   k t , s  s ds, t J , n,Ž . Ž . Ž .Hn1 unD t0
3.1Ž .
where  is the greatest solution of the IVPun
d
  t  g t , u ,  t for a.e. t J ,  t  c , 3.2Ž . Ž . Ž . Ž .Ž . Ž .n 0 2dt
Ž .  define an increasing sequence u in a, b , which conerges uniformly onn n1
Ž .J to the least solution of the IBVP 1.2 if
Ž . Ž . Ž . Ž .g3 g t,  , x  g t,  , x for a.e. t J as    in C J andn n n
x  x in .n
Ž . Ž .Proof. The sequence u , given by 3.1 , is equal to the iterationn n1
Ž n .sequence G a , where G is defined as in the proof of Theorem 2.1. Inn1
Ž .  particular, the sequence u is contained in a, b . Since G is increas-n n1
Ž n . Ž .  ing, then G a  u is an increasing sequence in a, b . It thenn1 n n1
Ž .follows from the proof of Theorem 2.1 that the sequence u n n1
Ž . Ž .Gu converges pointwise on J to a function u C J . In view ofn1 n1
Ž .Dini’s theorem the convergence is uniform. Because u is increasing,n n1
Ž .it follows from Lemma 2.2 that  is a decreasing and boundedu n1n 1Ž .sequence in Z, and hence converges pointwise to a function   L J .
Ž .These results and the hypothesis g3 imply that
lim g t , u ,  t  g t , u ,  t for a.e. t J .Ž . Ž .Ž .Ž .n unn
Ž .Since  is a solution of the IVP 2.3 with u u , it satisfies the integralu nn
equation
t
  t   c  g s, u ,  s ds, t J , n.Ž . Ž . Ž .Ž . Ž .Hu 2 n un n
t0
When n  in this equation, we get, by noticing the convergence results
derived above and applying the dominated convergence theorem,
t
  t   c  g s, u ,  s ds, t J .Ž . Ž . Ž .Ž . Ž .H2
t0
Ž .This implies that  is a solution of the IVP 2.3 .
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Ž .Denote by  the greatest solution of 2.3 . Since  is a lower solution ofˆ ˆ
Ž . Ž . Ž . 2.3 with u u for each n, then  t 
 t , t J, n, by 3,ˆn n
Theorem 2.1.3 . This implies when n  that  
 . The reverse inequal-ˆ
Ž .ity holds because  is a solution of 2.3 and  is its greatest solution. Thusˆ
Ž .  ; i.e.,  is the greatest solution of 2.3 .ˆ
Ž .When n  in 3.1 , we get
c y t  c y tŽ . Ž . t0 1 1 0 1u t   k t , s  s ds, t J .Ž . Ž . Ž .HD t0
This result and the definition of G imply that uGu.
n Ž .The above proof shows that u G a  in C J , equipped with then
topology of uniform convergence, and that uGu. Thus u is by 3,
Proposition 1.1.3 the least fixed point of G. This implies by the proof of
Ž .Theorem 2.1 that u is the least solution of the IBVP 1.2 .
Remarks 3.1. The result of Proposition 3.1 holds also when the hypoth-
Ž .esis g3 is replaced by the following weaker one:
Ž . Ž Ž .. Ž Ž ..g4 lim g t, u ,  t  g t, u,  t for a.e. t J, where then n un
Ž . Ž .sequences u ,  are as in Proposition 3.1 and u,  are their limits.n un
Ž .Replacing a by b, and the greatest solutions of 3.2 by least solutions, we
Ž . Ž .obtain monotone and convergent sequences u ,  . If the hypothesesn un
Ž .of Theorem 2.1 are valid, and if g4 holds, the greatest solution of the
Ž . Ž .IBVP 1.2 is obtained as the uniform limit of the sequence u .n
4. SPECIAL CASES AND EXAMPLES
The problem
d       u t  q   u t g t , u ,   u tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
dt
 for a.e. t J t , t ,0 1 4.1Ž .
 a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
  u t  c ,Ž . Ž .0 2
Ž . Ž .can be reduced to the IBVP 1.2 if q:  0, satisfies the following
hypothesis.
1 dz Ž . Ž .q0 q and belong to L  , and H .Ž .loc 0q q z
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This is a consequence of the next two lemmas, the first one being an
Ž .obvious consequence of the properties assumed for q in q0 , and the
 proof of the second one being similar to the proof of 1, Lemma 5.2 .
Ž .LEMMA 4.1. If q0 holds, then the function  : , defined by
x dz
 x  , x, 4.2Ž . Ž .H q zŽ .0
is an increasing homeomorphism, and both  and 1 are locally Lipschitz
continuous.
Ž .LEMMA 4.2. If q0 holds, then u Y is a solution of the differential
Ž .equation of 4.1 if and only if u is a solution of the differential equation of
Ž . Ž .1.2 , where  :  is defined by 4.2 .
As a consequence of Lemmas 4.1 and 4.2 and results derived in Section
2 we obtain the following proposition.
Ž .PROPOSITION 4.1. Assume that : J 0, is continuous, that q:
Ž . Ž . has property q0 , and that g : J C J  satisfies the
Ž . Ž . Ž . Ž .hypotheses g0 , g1 , and g2 . Then the IBVP 4.1 with a , b , a , b 	 0,0 0 1 1
a a  a b  a b  0 has for all choice of c , c , c  extremal solu-0 1 0 1 1 0 0 1 2
tions u and u	 in Y. Moreoer, they are increasing with respect to c and c ,0 1
and decreasing with respect to g and c .2
Ž .EXAMPLE 4.1. Define a function q:  0, by
  1m 1m 2 k z  k zŽ .
q z Ž . Ý Ý 2kmŽ .m1 k1
1
 2 sin ,1m 1mž / 1 k z  k z
 where x denotes the greatest integer 
 x. It is easy to see that q is
n Ž .discontinuous at for all n , k, m 1, 2, . . . . Moreover, 1
 q z1 mk
4 Ž .
 	 6 for each z, so that q has property q0 .
The function  : , defined by
x
  x  q s sin s ds, x,Ž . Ž .H
0
is an increasing homeomorphism.
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Assuming that the function
11 x , 0
 x
 ,2
 x Ž .0 1½ 2 x , 
 x
 1,2
is extended periodically to , then the function : J, defined by

n n t   4 t 4 , t J ,Ž . Ž .Ý 0
n0
is continuous but nowhere differentiable. In particular,  and  satisfy
Ž .condition  .
The function
  m
mnh s  2 sgn s 2 ,Ž . Ý Ý ž /ž /nm n1
where
1, t 0,
sgn t Ž . 0, t 0,½1, t
 0,
is increasing and discontinuous at each rational point s. Denoting
g t ,  , x  h tmax  t  t J  x , 4Ž . Ž .Ž .
t J ,   C J , x,Ž .
Ž . Ž . Ž .it is easy to see that g satisfies the hypotheses g0 , g1 , and g2 . Thus the
Ž .extremality and comparison results derived above hold for problems 1.2
Ž .and 4.1 when the functions , , q, and g are defined as above.
EXAMPLE 4.2. Consider the IBVP
u t  2 tŽ .
 u t H u t  t 1 Ž . Ž .Ž . 1 u t  2 tŽ .
1
u t dtŽ .H 4.3Ž .0   a.e. in J 0, 1 ,
1
1 u t dtŽ .H
0
  u 0  u 0  0, u 1  u 1  0, u 0  1,Ž . Ž . Ž . Ž . Ž .
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where H denotes the Heaviside function
0, x
 0H x Ž . ½ 1, x	 0,
  Ž .and z denotes the greatest integer 
 z. Problem 4.3 is of the form
Ž .1.2 , where
1
 t dtŽ .H x 2 t 0g t ,  , x H x t 1   ,Ž . Ž .
1 1 x 2 t
1  t dtŽ .H
0
 x  x ,  t  1.Ž . Ž .
Ž .The hypotheses of Theorem 2.1 are satisfied, whence problem 4.3 has
extremal solutions. We shall show that they can be obtained by the method
Ž .  Ž . of successive approximations 3.1 . Notice first that, since g t,  , x 
 3
Ž . Ž . Ž . Ž .for all t,  , x  J C J , the hypothesis g2 holds with p t  3
Ž . Ž .and  x  1. Because  is the identity function, the function w t  1
Ž . Ž .3t is the solution of 2.6 . Thus the first equation of 2.7 can be written in
the form
t 2 1 tt 1
a t  1 s 1 3s ds 2 s 1 3s ds,Ž . Ž . Ž . Ž . Ž .H H3 30 t
1 72 1Ž . Ž .Ž . Ž .which yields a t  t 1 t  . Choosing u  a, we have H u t dt0 0 02 3
35 . Thus  is the greatest solution of the IVPu24 0
 t  2 t 2Ž .
 t H  t  t 1  Ž . Ž .Ž .
1  t  2 t 3Ž .
a.e. in J ,  0  1. 4.4Ž . Ž .
To determine this, one can try the method of successive approximations,
Ž . Ž . t  w t  1 3t,0
 t  2 t 2Ž .n t H  t  t 1  Ž . Ž .Ž .n1 n 1  t  2 t 3Ž .n
a.e. in J ,  0  1.Ž .n1
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13Ž .When n 0 we obtain  t  1 t. It turns out that   , so that1 2 16
13Ž . Ž . t  1 t. Thus 3.1 , with n 0, takes the formu 60
t 2 13 1 t 13t 1
u t  1 s 1 s ds 2 s 1 s dsŽ . Ž . Ž .H H1 ž / ž /3 6 3 60 t
13 1 53
3 2 t  t  t 1 .Ž .
36 2 54
1751 Ž . Ž .Since H u t dt , then  is also a greatest solution of 4.4 ; i.e.,0 1 u144 1
Ž .  . But then u  u , whence the least solution of 4.3 isu u 2 11 0
13 1 53
3 2u t  u t  t  t  t 1 .Ž . Ž . Ž .1 36 2 54
Analogous but more tedious calculations show that the greatest solution of
Ž .the IBVP 4.3 is
1 1 146 2 3 2t  t  t 1 , 0
 t
 ,Ž .
12 2 243 3	 u t Ž . 2 173 140 2
2t  t , 
 t
 1.3 243 243 3
Remark 4.1. The function  : , defined by
  p2 x  x x , x, 4.5Ž . Ž .
is an increasing homeomorphism for each p 1. Because  is not locally
Ž . 1Lipschitz-continuous if p 1, 2 , and  is not locally Lipschitz-con-
tinuous if p 2, it follows from Lemma 4.1 that the function  defined by
Ž . Ž . Ž .4.5 is of the form 4.2 , where q has property q0 , only when p 2.
Ž . Ž .Thus the differential equation of 1.2 is more general than that of 4.1 .
5. THE CASE WHEN  DEPENDS FUNCTIONALLY ON
THE SOLUTION
If function g is increasing with respect to its last variable, we can
Ž .consider problem 1.2 in the case when  depends functionally on u.
More precisely, we study the existence of extremal solutions of the prob-
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lem
d    u ,   u t  g t , u ,   u tŽ . Ž . Ž . Ž .Ž . Ž .
dt
 for a.e. t J t , t ,0 1 5.1Ž .
 a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
 u ,   u t  c ,Ž . Ž .Ž .0 2
in the set
1Y u C J   u ,   u   AC J , 4Ž . Ž . Ž . Ž .Ž .
Ž .by assuming condition A for constants a , a , b , b and the following0 1 0 1
Ž . Ž .properties for functions : J,  : C J , and g : J C J 
:
Ž . Ž .  is continuous,  u,  is an increasing homeomorphism on
Ž . Ž . for each u C J ,  , x is increasing for each x, and for each
  Ž .  4  m	 0 there exists an M	 0 such that x   u, x 
m  M, M
Ž .for each u C J .
Ž . Ž . Ž .ga For all   C J and x the function g ,  , x is measur-
able.
Ž . Ž .gb g t,  , x is decreasing in  and increasing in x for a.e. t J.
Ž .  Ž .  Ž . Ž .gc g t,  , x 
 p t for all   C J and x and for a.e. t J,
1 Ž .where p L J .
Denoting
Z   C J   u ,    AC J , 4Ž . Ž . Ž .Ž .
the following result can be proved as Lemma 2.1.
Ž .LEMMA 5.1. A function u Y is a solution of the IBVP 5.1 if and only
if
c y t  c y tŽ . Ž . t0 1 1 0 1u t   k t , s  s ds, t J , 5.2Ž . Ž . Ž . Ž .HD t0
where   Z is a solution of the IVP
d
 u ,  t  g t , u ,  t for a.e. t J ,  u ,  t  c .Ž . Ž . Ž .Ž . Ž . Ž .0 2dt
5.3Ž .
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Ž . Ž .Consider next the IVP 5.3 when u C J is given and define a lower
solution  for such a problem if   Z and
d
 u ,  t 
 g t , u ,  tŽ . Ž .Ž . Ž .
dt
 for a.e. t J t , t ,  u ,  t 
 c .Ž .Ž .0 1 0 2
If the reversed inequalities hold we say that  is an upper solution.
Ž . Ž . Ž . Ž .LEMMA 5.2. If the hypotheses  , ga , gb , and gc hold, then the
Ž . Ž .IVP 5.3 has for each u C J least and greatest solutions in Z, and they
are increasing with respect to g and c , and decreasing with respect to u. If2
Ž .  Z is any solution of 5.3 , then
M
 t 
M , 5.4Ž . Ž .
Ž .  where M is a constant in the hypothesis  corresponding to m c 2
t1 Ž .H p t dt.t0
Ž . Ž . Ž . Ž .Proof. Let u C J be given. The hypotheses  , ga , and gc
  Ž .imply that the hypotheses of 3, Theorem 2.1.3 hold when x  u, x
Ž . Ž .stands for  and t, x  g t, u, x stands for g. This ensures that the IVP
Ž . Ž .5.3 has least and greatest solutions in Z. Denoting   x  u, x , itu
 follows from 3, Lemma 2.1.1 that  is a solution, an upper solution, or a
Ž .lower solution of problem 5.3 if and only if     is a solution, anu
upper solution, or a lower solution of the IVP
 1 t  g t , u ,   t for a.e. t J ,  t  c . 5.5Ž . Ž . Ž . Ž .Ž .u 0 2
Ž . 1Since  is increasing in u by  , then  is decreasing in u. This andu u
Ž . Ž  .the hypothesis gb imply cf. the proof of 3, Proposition 2.1.1 that the
Ž . Ž .extremal solutions of 5.5 , and hence those of 5.3 , are decreasing with
respect to u, and increasing with respect to g and c .2
To prove the last assertion, assume that   Z is a solution of the IVP
Ž . Ž .5.3 . It follows from gc that
d
 u ,  t  g t , u ,  t 
 p t a.e. in J .Ž . Ž . Ž .Ž . Ž .
dt
Thus
t1
 u ,  t  c 
 p s ds, t J .Ž . Ž .Ž . H2
t0
Ž . Ž .This inequality and condition  imply that 5.4 holds.
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Applying the results of Lemmas 5.1 and 5.2 we prove that all the
Ž . Ž .possible solutions of 5.1 belong to an order interval of C J .
Ž . Ž . Ž . Ž . Ž .LEMMA 5.3. Assume that the hypotheses  , A , ga , gb , and gc
hold, and denote
c y t  c y tŽ . Ž . t0 1 1 0 1a t  M k t , s ds, t J ,Ž . Ž .HD t0
5.6Ž .
c y t  c y tŽ . Ž . t0 1 1 0 1b t  M k t , s ds, t J ,Ž . Ž .HD t0
Ž .  where M is a constant in the hypothesis  corresponding to m c 2
t1 Ž . Ž .H p t dt. If u is a solution of the IBVP 5.1 . in Y, then u belongs to thet0
   Ž . 4order interal a, b  u C J  a
 u
 b .
Ž . Ž .Proof. Let u be a solution of 5.1 in Y. Then u satisfies 5.2 , where 
Ž . Ž .is a solution of 5.3 in Z. Because u C J , it follows from Lemma 5.2
Ž . Ž .that 5.4 holds. Noticing that the right-hand side of 5.2 is decreasing in
  , we see that u a, b .
The following result can be proved as Theorem 2.1 and Proposition 2.1
when Lemmas 2.1, 2.2, and 2.3 are replaced by Lemmas 5.1, 5.2, and 5.3.
Ž . Ž . Ž . Ž .THEOREM 5.1. Assume that the hypotheses  , A , ga , gb , and
	Ž . Ž .gc hold. Then the IBVP 5.1 has extremal solutions u and u in Y; i.e., if
	Ž . Ž . Ž . Ž .u Y is a solution of 5.1 , then u t 
 u t 
 u t on J. Moreoer, u
and u	 are increasing with respect to c and c and decreasing with respect to0 1
g and c .2
 Remark 5.1. As in 1 , by a simple change of variables one can obtain
analogous results for problems
d        u t  g t , u ,   u t for a.e. t J t , t ,Ž . Ž . Ž . Ž .Ž . Ž . 0 1dt
a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
  u t  c ,Ž . Ž .1 2
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and
d      u ,   u t  g t , u ,   u t for a.e. t J t , t ,Ž . Ž . Ž . Ž .Ž . Ž . 0 1dt
a u t  b u t  c , a u t  b u t  c ,Ž . Ž . Ž . Ž .0 0 0 0 0 1 1 1 1 1
 u ,   u t  c .Ž . Ž .Ž .1 2
EXAMPLE 5.1. Let the functions q, h, g, and  be as in Example 4.1
and
xt1    , x  h  s ds q s sin s ds, x,Ž . Ž . Ž .H Hž /t 00
Ž . Ž . Ž .It is easy to see that g satisfies the hypotheses ga , gb , and gc and 
Ž .condition  . Thus the extremality and comparison results derived
Ž .above hold for problem 5.1 .
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